The Hamiltonian dilatation symmetry is studied for a class of nonlinear FokkerPlanck equations based on Dirac's generalized canonical formalism. The conditions are derived for the equations to admit solution distriutions that decay as a power law. This method is applied to the porous medium equation as an example, and the exponent of the power-law distribution is determined, analytically.
There is growing interest in generalizations of kinetic theory in nonequilibrium statistical mechanics. This stream is primarily motivated by observations of anomalous diffusion, slow relaxation, and scale-free distributions in complex systems. A generalization of the Fokker-Planck equation to the fractional equation [1] is a typical example, where conventional Newton-Leibniz calculus is replaced by RiemannLiouville fractional calculus. Another example is nonlinear generalization [2] [3] [4] [5] [6] [7] [8] [9] , which is the subject of the present work.
Here, we study the nonlinear Fokker-Planck equations. As mentioned below, such equations are known to appear in various real physical situations and are deeply relevant to exotic statistical properties of complex systems. Taking into account the central importance of a common scale-free nature of such systems, we examine the recently proposed method of the Hamiltonian dilatation symmetry [10] based on Dirac's generalized canonical formalism [11] . We shall derive the conditions for the nonlinear Fokker-Planck equations to admit solution distributions that decay as a power law.
Our starting point is the variational principle for general nonlinear kinetic theory.
The action functional we consider is given by
with the Lagrangian density
where P x t ( , ) and Λ ( , ) x t are the probability distribution of x at time t and an auxiliary field [12] [13] [14] , respectively. Taking the variation of the action with respect to the auxiliary field, we have the following nonlinear Fokker-Planck equation:
We proceed to developing the canonical formalism. The canonical momenta conjugate to P and Λ are given by
respectively. Since the canonical momenta cannot be solved in terms of the time derivatives of P and Λ , Eqs. (4) and (5) form a pair of the constraints
Appearance of these constraints is simply due to the fact that the kinetic equation considered here is the first-order differential equation in time. The basic equal-time
Poisson bracket relations are given by
The constraints in Eqs. (6) and (7) are then seen to be of the second class [11] , since
x t x x { } = − − which does not vanish weakly. To eliminate them, we introduce the Dirac bracket defined by [11] A t B t
where A and B are functionals of P and Λ . In Eq. (10), C x x i j ( , ' ) are the quantities
Using Eqs. (8) and (9), we find
Therefore, we obtain the basic relations
From these, P and Λ are seen to be canonically conjugate to each other with respect to the Dirac bracket.
As usual, the Hamiltonian is given by the Legendre transform
This is a constant of motion because of the absence of explicit time dependence. Time evolution of P should be written as
which clearly reproduces Eq. (3).
As in Ref. [10] , let us consider the generator of the dilatation transformation
Using Eqs. (13)- (15), we have 
the finite transformation is seen to yield
exp (ln ) ( ) ( , ) exp (ln ) ( )
where λ is a positive constant. From Eq. (22), normalization of P is seen to be preserved under the transformation. ( Λ is the auxiliary field and does not have to satisfy the normalization condition.) Also, the basic relations in Eqs. (13)-(15) are kept unchanged, since the transformation is canonical. Now, the Hamiltonian dilatation symmetry [10] states that
We impose this condition in the asymptotic large-x regime. Performing integration by parts and dropping the boundary terms, we find
Therefore, we obtain the following condition for P to be asymptotically scale-free:
This is our basic result. Now, we wish to examine the above formalism in a class of physical nonlinear
Fokker-Planck equations. The class we consider here is characterized by
and accordingly the equation reads (26), we have
or equivalently
Since P decays as a power law, it may behave like
for large values of x, where a t ( ) is a positive factor dependent on time, and the exponent, σ , is assumed to be a constant larger than unity. Using Eq. (31) in Eq. (30),
we have 
In particular, when D is constant, the exponent of the power-law distribution is found to
under the additional condition, ν < 1. It is noted that σ does not depend on µ .
In Ref. [4] , the exact solution of Eq. (28) 
